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Abstract
The vector and tensor fluctuations of vortices localizing gravity in the context
of the six-dimensional Abelian Higgs model are studied. These string-like so-
lutions break spontaneously six-dimensional Poincare´ invariance leading to a
finite four-dimensional Planck mass and to a regular geometry both in the bulk
and on the core of the vortex. While the tensor modes of the metric are decou-
pled and exhibit a normalizable zero mode, the vector fluctuations, present
in the gauge sector of the theory, are naturally coupled to the graviphoton
fields associated with the vector perturbations of the warped geometry. Us-
ing the invariance under infinitesimal diffeomorphisms, it is found that the
zero modes of the graviphoton fields are never localized. On the contrary, the
fluctuations of the Abelian gauge field itself admit a normalizable zero mode.
∗Electronic address: massimo.giovannini@ipt.unil.ch
1
I. FORMULATION OF THE PROBLEM
Consider a (4 + 2)-dimensional space-time (consistent with four-dimensional Poincare´
invariance) of the form [1] (see also [2,3,5])
ds2 =M2(ρ)[dt2 − d~x2]− dρ2 − L2(ρ)dθ2, (1.1)
where ρ is the bulk radius, θ is the bulk angle. The specific form of the warp factorsM(ρ) and
L(ρ) is determined by consistency of the underlying theory of gravity with the generalized
brane sources.
In order to construct a theory incorporating gravitational and gauge interactions on
warped geometries of the type of (1.1), fields of various spin should be localized around
the four-dimensional (Poincare´ invariant) space-time. Localized means that the bulk fields
exhibit normalizable zero modes with respect to the coordinates parametrizing the geometry
in the transverse space. If the zero mode of a given fluctuation is not normalizable, then it
will be decoupled from the four-dimensional physics.
A necessary condition for gravity localization on warped space-times is a finite four-
dimensional Planck mass. If the underlying gravity theory is the six-dimensional extension
of the Einstein-Hilbert action, then, the four-dimensional Planck mass is, in the geometry
of Eq. (1.1),
M2P = 2πM
4
6
∫ ∞
0
M2(ρ)L(ρ)dρ, (1.2)
where M6 is the six-dimensional Planck mass. The integral of Eq. (1.2) can be finite, for
large bulk radius, if a (negative) cosmological constant is present in the bulk. This situation
is fully analogous to the five-dimensional case where the effect of the bulk cosmological term
is to give rise to an AdS geometry for large bulk radius [6,7]. Singularity free domain wall
solutions in five dimensions can be also found [8,9] allowing to localize fields of spin lower
than two [9].
Following the ideas put forward in the absence of gravitational interactions [1], chiral
fermionic degrees of freedom can be successfully localized in five-dimensions. The chiral
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fermionic zero mode is still present if the five-dimensional continuous space is replaced by
a lattice [10]. In six dimensions the situation is similar to the five-dimensional case but
also different, since the structure of chiral zero modes may be more rich. The localization
of fermionic degrees of freedom in six-dimensional (flat) space-time has been recently in-
vestigated in [11,12]. In [11,12] an Abelian vortex plays the roˆle of the scalar domain wall
originally analyzed in [1].
If global topological defects are present together with a bulk cosmological constant,
warped geometries leading to gravity localization can be obtained [13–16]. A similar obser-
vation has been made in the context of local defects [17].
It has been recently shown [18,19] that the Abelian-Higgs model represents a well defined
framework where local defects can lead to a six-dimensional geometry of the type of (1.1).
For large bulk radius an AdS6 space-time can be obtained. In this context the action is
taken to be the six-dimensional generalization of the gravitating Abelian-Higgs model 1
S =
∫
d6x
√−G
[
− R
2κ
− Λ + 1
2
(DAϕ)∗DAϕ− 1
4
FABF
AB − λ
4
(
ϕ∗ϕ− v2)2] , (1.3)
where DA = ∇A−ieAA is the gauge covariant derivative, while ∇A is the generally covariant
derivative. In Eqs. (1.3), v is the vacuum expectation value of the Higgs field ϕ, λ is the
self-coupling constant and e is the gauge coupling. Finally κ = 8πG6 ≡ 8π/M46 .
The action of Eq. (1.3) leads to equations of motion allowing static solutions that depend
only on the extra coordinates. Thus general covariance along the four physical dimensions is
unbroken. The corresponding background line element is of the form (1.1) while the vortex
ansatz for the gauge-Higgs system reads:
ϕ(ρ, θ) = vf(ρ)ei n θ,
Aθ(ρ, θ) =
1
e
[n − P (ρ)] , (1.4)
1Conventions: Latin (uppercase) indices run over the six dimensional space-time. Greek indices
run over the four (Poincare´ invariant) dimensions.
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where n is the winding number. The local defect present in this theory is the six-dimensional
counterpart of the Abrikosov-type vortex arising in four dimensions [20]. The radial and
angular coordinates are replaced, in the present context, by the bulk radius and by the bulk
angle.
There are different fields coming from the fluctuations of the geometry which transform
as divergence-less Poincare´ vectors. These fields are garviphotons and will mix with the
divergence-less fluctuations of the gauge sector leading to a non-trivial system determining
the localization properties of the zero modes of the vector fluctuations of the model. This
is the problem we ought to address.
The vector fluctuations coming from the geometry change under infinitesimal coordinate
transformations. This may lead to the unpleasant situation where the localization properties
of a given field change from one coordinate system to the other. Furthermore, it could also
happen that in some cases spurious gauge modes appear in the game. In order to avoid
this problem we follow the approach already proposed and exploited [21,22] in the analysis
of five-dimensional domain-wall solutions [9,8]. The idea is to construct and use gauge-
invariant fluctuations which do not change under infinitesimal diffeomorphisms. The spirit
of the analysis of [21,22] was guided by the Bardeen formalism [23] whose useful features have
been widely appreciated through the years in the context of (four-dimensional) cosmological
models.
In recent times various mechanisms have been put forward in order to localize vector
fields in warped geometries (see [24] for a nice review of the subject and [9] together with
[25–28] for more detailed proposals). In [9] the localization of gauge fields is achieved through
the coupling of the gauge kinetic term to a dilatonic field. In this example no background
gauge field is present. In [25] the mechanism of localization is based on the assumption
that the gauge theory is confining in the bulk but the confinement is absent on the brane.
A realization of this scenario has been discussed in [27]. In [28] a possible alternative to
Higgs mechanism from higher dimensions has been discussed. As byproduct of the analysis,
the main ingredients for a successfull localization in five-dimensions have been listed. In all
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these models only the gauge field excitations have been considered. However, in a higher
dimensional context vector modes certainly come from the metric excitations. Furthermore,
the background gauge field is totally absent in these examples.
It should be clearly said that our considerations are not competitive with the level of
generality of these mechanisms. The purpose of the present investigation is more specific.
Given a class of vortex solutions localizing gravity in the well defined context of the Abelian-
Higgs model, we ought to analyze systematically the vector and tensor excitations of the
model. The six-dimensional Abelian-Higgs model with vortex solutions is interesting since
the gauge field background is naturally present and it builds up, together with the Higgs
field, the brane source. As a consequence, the structure of the vector zero modes is richer
than in the case where the gauge field background is absent.
The plan of the paper is the following. In Section II the Abelian-Higgs model will be
discussed together with its vector fluctuations. In Section III explicit vortex solutions leading
to regular geometries localizing gravity will be introduced. In Section IV explicit evolution
equations for the coupled system of graviphotons and gauge fluctuations will be derived
and solved. The localization properties of the vector zero modes will be analyzed. Finally
Section V contains the concluding remarks. Various technical results have been collected in
the Appendix.
II. SIX-DIMENSIONAL ABELIAN-HIGGS MODELS AND ITS FLUCTUATIONS
From Eq. (1.3) the related equations of motion are:
GAB∇A∇Bϕ− e2AAAAϕ− ieAA∂Aϕ− ie∇A(AAϕ) + λ(ϕ∗ϕ− v2)ϕ = 0, (2.1)
∇AFAB = −e2ABϕ∗ϕ+ ie
2
(
ϕ∂Bϕ∗ − ϕ∗∂Bϕ) , (2.2)
RAB − 1
2
GABR = κ (TAB + ΛGAB) , (2.3)
where
TAB =
1
2
[(DAϕ)∗DBϕ+ (DBϕ)∗DAϕ]− FACFBC
5
− GAB
[1
2
(DAϕ)∗DAϕ− 1
4
FMNF
MN − λ
4
(
ϕ∗ϕ− v2)2]. (2.4)
For the study of the fluctuations of the model it is often useful to write Eq. (2.3) in its
contracted form where the scalar curvature is absent, namely:
RAB = κτAB, (2.5)
where
τAB = TAB − T
4
GAB − Λ
2
GAB, T
A
A = T. (2.6)
Using Eq. (2.4) into Eq. (2.6), the explicit expression of τAB can be obtained:
τAB =
[
−Λ
2
+
1
8
FMNF
MN − λ
8
(ϕ∗ϕ− v2)2
]
GAB
− FACF CB +
1
2
[(DAϕ)∗DBϕ+ (DBϕ)∗DAϕ] . (2.7)
The fluctuation of the Abelian-Higgs model may arise both from the sources and from the
metric. Notice that six-dimensional Poincare´ invariance, as well as the local U(1) symmetry,
are naturally broken by the vortex ansatz. However, four-dimensional Poincare´ invariance
is still a good symmetry of the problem. It is therefore plausible to decompose the per-
turbations of the metric in terms of scalar vector and tensor fluctuations with respect to
four-dimensional Poincare´ transformations. The generic metric fluctuation will then have
scalar, vector and tensor modes, namely
δGAB(x
µ, w) = δG
(S)
AB(x
µ, w) + δG
(V )
AB(x
µ, w) + δG
(T )
AB(x
µ, w), (2.8)
which can be parametrized as
δGAB =


2M2Hµν MGµ LMBµ
MGµ 2ξ Lπ
LMBµ Lπ 2L2φ

 , (2.9)
where
6
Hµν = hµν +
1
2
(∂µfν + ∂νfµ) + ηµνψ + ∂µ∂νE,
Gµ = Dµ + ∂µC,
Bµ = Qµ + ∂µP, (2.10)
with
∂µh
µ
ν = 0, h
µ
µ = 0, (2.11)
and with
∂µf
µ = 0, ∂µD
µ = 0, ∂µQ
µ = 0. (2.12)
Notice that hµν has five independent components, while Qµ, fµ and Dµ have, overall nine
independent components. Finally C, P , ψ, φ, ξ, E and π correspond to seven scalar degrees
of freedom.
The twenty one degrees of freedom of the perturbed six-dimensional metric change under
infinitesimal coordinates transformations
xA → x˜A = xA + ǫA, (2.13)
as
δG˜AB = δGAB −∇AǫB −∇BǫA, (2.14)
where
ǫA = (M
2(ρ)ǫµ,−ǫρ,−L2(ρ)ǫθ). (2.15)
In Eq. (2.14) the Lie the covariant derivatives are computed using the background metric
since the gauge transformations act around the fixed geometry defined by Eq. (1.1) compat-
ible with the ansatz (1.4). The infinitesimal shift ǫµ along the four dimensional space-time
can be decomposed, in its turn, as 2
2Notice that since the bulk radius can go to infinity the decomposition (2.16) is well defined only
7
ǫµ = ∂µǫ+ ζµ. (2.16)
Hence, there will be two types of gauge transformations: the gauge transformations pre-
serving the scalar nature of the fluctuations and the gauge transformations preserving the
vector nature of the fluctuation. The vector gauge transformations will involve pure vector
gauge functions (i.e. ζµ) and will affect the three spin one fluctuations of the geometry (i.e.
fµ, Dµ and Qµ). The scalar gauge transformations will involve pure scalar gauge functions
(i.e. ǫ, ǫρ and ǫθ).
In the present investigation, only the vector and tensor modes of the geometry will be
treated and the perturbed metric will then be 3
δG
(T,V )
AB =


2M2[hµν + ∂(µfν)] MDµ LMQµ
MDµ 0 0
LMQµ 0 0

 . (2.17)
The transverse and traceless tensors are gauge-invariant, i.e. they do not change for in-
finitesimal gauge transformations
h˜µν = hµν , (2.18)
whereas the vector transform as
f˜µ = fµ − ζµ, (2.19)
D˜µ = Dµ −M∂ζµ
∂ρ
, (2.20)
Q˜µ = Qµ − M
L
∂ζµ
∂θ
. (2.21)
Since we have three vectors and one (vector) gauge function, two gauge-invariant vectors
can be defined [21,22], corresponding to six degrees of freedom
if the scalar gauge function ǫ vanishes swiftly at infinity. In fact, from (2.16), ✷ǫ = ∂µǫ
µ which
also implies that ✷−1 exists if at infinity the gauge transformation is regular. Thus, only regular
gauge transformations will be discussed in the present context.
3 The symbol ∂(µfν) denotes (∂µfν + ∂νfµ)/2.
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V˜µ = D˜µ −M∂f˜µ
∂ρ
, (2.22)
Z˜µ = Q˜µ − M
L
∂f˜µ
∂θ
. (2.23)
Neither Vµ nor Zµ change under infinitesimal gauge transformations.
Around the fixed vortex background also the fluctuations of the source change for in-
finitesimal coordinate transformations:
δA˜A = δAA − AC∇AǫC − ǫB∇BAA, (2.24)
where δAA denotes the fluctuation of the gauge vector potential. The fluctuations δAρ
and δAθ correspond to two scalar degrees of freedom. The fluctuation δAµ can be simply
decomposed, as
δAµ = eAµ + e∂µA. (2.25)
The gauge coupling has been introduced in the decomposition only for future convenience.
The important point to be stressed is that since ∂µAµ = 0, A transforms as a scalar and will
not mix with the (divergence-less) vector modes of the geometry defined previously. Since
the only non-vanishing component of the vortex background (1.4) corresponds to Aθ, then
the pure vector fluctuation of the source, i.e. Aµ, will be automatically gauge-invariant i.e.
, according to Eqs. (2.24) and (2.25),
A˜µ = Aµ. (2.26)
The evolution equation for the tensor modes of the geometry is determined from the
tensor component of Eq. (2.5), namely 4
δR(T )µν = κδτ
(T )
µν , (2.27)
4The symbol δ applied to a given tensor denotes the first order fluctuation of the corresponding
quantity.
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whereas the perturbed system of the vector fluctuations is determined by the perturbed
Einstein’s equations carrying vector indices
δR(V )µν = κδτ
(V )
µν , (2.28)
δR(V )µρ = κδτ
(V )
µρ , (2.29)
δR
(V )
µθ = κδτ
(V )
µθ , (2.30)
supplemented by the the perturbed vector component of the gauge field equation (2.2)
δGAC
[
∂CFAµ − ΓDACFDµ − Γ
D
µCFAD
]
+ e2δAµϕ
∗ϕ
GAC [∂CδFAµ − δΓDACFDµ − ΓDACδFDµ − δΓDµCFAD − ΓDBCδFAD
]
= 0, (2.31)
In the previous equations δ denotes the first order fluctuation of the corresponding quantity.
In Eqs. (2.28)–(2.30) δτAB represents the fluctuations of Eq. (2.7) and
δRAB = ∂CδΓ
C
AB − ∂BδΓCAC + Γ
C
ABδΓ
D
CD + δΓ
C
ABΓ
D
CD − δΓDBCΓ
C
AD − Γ
D
BCδΓ
C
AD. (2.32)
In Eq. (2.32), Γ
C
AB are the background values of the Christoffel connections. In Appendix
A all the explicit values of the fluctuations are reported for the case under study.
III. VORTEX SOLUTIONS IN WARPED SPACES
In this Section the main properties of the vortex solutions will be outlined. Explicit
solutions will also be presented. Inserting Eqs.(1.1) and (1.4) into Eqs. (2.1)–(2.3) and
using the following rescalings for the parameters of the model 5
ν = κv2, α =
e2
λ
, µ =
κΛ
λv2
. (3.1)
we get the background equations of motion in their explicit form:
5Notice that the Higgs boson and vector masses are, in our definitions,mH =
√
2λ v andmV = ev.
10
f ′′ + (4H + F )f ′ + (1− f 2)f − P
2
L2 f = 0, (3.2)
P ′′ + (4H − F )P ′ − αf 2P = 0, (3.3)
F ′ + 3H ′ + F 2 + 6H2 + 3HF = −µ− ν
[f ′2
2
+
1
4
(f 2 − 1)2 + P
′2
2αL2 +
f 2P 2
2L2
]
, (3.4)
4H ′ + 10H2 = −µ − ν
[f ′2
2
+
1
4
(f 2 − 1)2 − P
′2
2αL2 −
f 2P 2
2L2
]
, (3.5)
4HF + 6H2 = −µ− ν
[
−f
′2
2
+
1
4
(f 2 − 1)2 − P
′2
2αL2 +
f 2P 2
2L2
]
. (3.6)
In Eqs. (3.2)–(3.6) the prime denotes the derivation with respect to the rescaled variable
x = mH ρ/
√
2 ≡
√
λvρ, (3.7)
and the function L(ρ) appearing in the line element of Eq. (1.1) has also been rescaled,
namely
L(x) =
√
λvL(ρ). (3.8)
In Eqs. (3.2)–(3.6), H and F denote the derivatives (with respect to x) of the logarithms of
the warp factors:
H(x) =
d lnM(x)
dx
, F (x) =
d lnL(x)
dx
. (3.9)
The solution reported in Fig. 1 is representative of a class of solutions whose parameter
space is illustrated in Fig. 2 in terms of the dimension-less parameters of Eq. (3.1). From
Fig. 1, recalling the vortex ansatz of Eq. (1.4), the scalar field reaches, for large x, its
vacuum expectation value, namely |φ(ρ)| → v for ρ→∞. In the same limit, the gauge field
goes to zero. Close to the core of the string both fields are regular. These properties of the
solutions can be translated in terms of our rescaled variables as
f(0) = 0, lim
x→∞
f(x) = 1,
P (0) = n, lim
x→∞
P (x) = 0. (3.10)
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f(x) 
L(x) 
M(x) 
P(x) 
FIG. 1. The vortex solution. The parameters chosen for this example lie on the surface defining
the parameter space of the model and illustrated in Fig. 2.
Notice that the solutions of Fig. 1 and 2 correspond to the case of lowest winding6, i.e.
n = 1 in Eq. (1.4). The requirement of regular geometry in the core of the string reads
dM
dx
∣∣∣∣
0
= 0 , L(0) = 0 , dL
dx
∣∣∣∣
0
= 1 , (3.11)
and M(0) = 1. More specifically, at large distances from the core the behaviour of the
geometry is AdS6 space-time characterized by exponentially decreasing warp factors
M(x) ∼ e−cx, L(x) ∼ e−cx, (3.12)
where c =
√−µ/10. This behaviour can be understood since the defects corresponding to
the solution of Fig. 1 are local and their related energy-momentum tensor goes to zero at
large distances where the geometry is determined only by the value of the bulk cosmological
constant. The form of the solutions in the vicinity of the core of the vortex can be studied
6The vortex solutions presented in this Section can be also generalized to the case of higher
winding, i.e. n ≥ 2 [18].
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α
FIG. 2. The parameter space of the vortex solution is illustrated in terms of the dimension-less
parameters reported in Eq. (3.1).
by expressing the metric functions together with the scalar and gauge fields as a power
series in x, the dimensionless bulk radius. The power series will then be inserted into Eqs.
(3.2)–(3.6). Requiring that the series obeys, for x → 0, the boundary conditions of Eqs.
(3.10) the form of the solutions can be determined as a function of the parameters of the
model:
f(x) ≃ Ax+
(
2µ
3
+
ν
6
+
4B2ν
3α
+
2A2ν
3
− 1 + 2B
)
A
8
x3, (3.13)
P (x) ≃ 1 +Bx2, (3.14)
M(x) ≃ 1 +
(
−µ
8
− ν
32
+
νB2
4α
)
x2, (3.15)
L(x) ≃ x+
[
µ
12
+ ν(
1
48
− 5B
2
6α
− A
2
6
)
]
x3. (3.16)
In Eq. (3.16) A and B are two arbitrary constants which cannot be determined by the local
analysis of the equations of motion. These constants are to be found by boundary conditions
for f(x) and P (x) at infinity.
By studying the relations among the string tensions it is possible tro determine the
value of B as discussed in detail in [18]. For all the solutions of the family defined by the
fine-tuning surface of Fig. 2 we have that
13
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RµνR
µν
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FIG. 3. The curvature invariants pertaining to the solution of Fig. 1. All the curvature
invariants are regular for the class of vortex solutions examined in the present analysis.
− ν
αL
dP
dx
∣∣∣∣
0
= 1 . (3.17)
Since dP/dx is related to the magnetic field on the vortex, Eq. (3.17) tells that in order to
have AdS6 (at infinity) and a local vortex (around the origin) a specific relation among the
dimension-less couplings and the value of the magnetic field on the vortex must hold. In
fact, according to Eq. (3.16), for x→ 0, P ∼ 1 +Bx2. Using Eq. (3.17), the expression for
B can be exactly computed
B = − α
2ν
. (3.18)
The relation (3.18) among the parameters is satisfied by all the solutions of the type of Fig.
1. This aspect can be appreciated by looking at the specific numerical values of the different
parameters reported on top of the plots. The solutions belonging to the family represented
by Fig. 1 are regular everywhere, not only in the origin or at infinity. This feature of the
solution is illustrated by the behaviour of the curvature invariants which are reported in Fig.
3. While the vortex solutions have been analytically obtained, the asymptotic behaviour of
the gauge and Higgs field can be analytically understood in simple terms.
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If we expand the gauge and Higgs fields around their boundaries
P (x) = P + δP (x), P ∼ 0,
f(x) = f − δf(x), f = 1, (3.19)
and if we take into account that, in the same limit, the warp factors decrease exponentially,
then we get from Eqs. (3.2)–(3.6)
δP (x) ∼ eσ1x, σ1 = 3c
2
[1±
√
1 +
4α
9c2
],
δf(x) ∼ eσ2x, σ2 = 5c
2
[1±
√
1 +
8
25c2
]. (3.20)
If 4α ≫ 9c2 (the limit of small bulk cosmological constant) the solution is compatible with
the gauge field decreasing asymptotically as δP ∼ e−√αx. If 25c2 < 8 the the perturbed
solution goes as δf ∼ e−
√
2x.
There is an interesting relations which may be derived by direct integration of the equa-
tions of motions. Consider the difference between the (0, 0) and (θ, θ) components of the
Einstein equations, i.e. (3.4) and (3.5):
d(H − F )
dx
+ (F + 4H)(F −H) = −ν(τ0 − τθ) (3.21)
Multiplying both sides of this equation by M4L and integrating from 0 to x we get
(H − F ) = ν
α
P
L2
dP
dx
−
(
1 +
ν
αL
dP
dx
∣∣∣∣
0
) 1
M4L . (3.22)
If the tuning among the string tensions is enforced, according to Eqs. (3.17) and (3.18) the
boundary term in the core disappears and the resulting equation will be
F = H − ν
α
P
L2
dP
dx
. (3.23)
This relation holds for all the family of solutions describing vortex-type solutions with AdS6
behaviour at infinity and it will turn out to be important for the analysis of the localization
properties of the vector fluctuations of the model.
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IV. TENSOR AND VECTOR FLUCTUATIONS OF THE GRAVITATING
VORTEX
A. Tensor fluctuations
The evolution equation for the spin two fluctuations of the geometry are decoupled from
the very beginning and they are easily obtained from the tensor component of the perturbed
Einstein equations, namely from Eq. (2.27). The details are reported in Appendix A and
the final result is 7
h′′µν +
1
L2 h¨µν + (4H + F )h
′
µν −
2
m2HM
2
✷hµν = 0. (4.1)
For the lowest mass eigenstate (i.e. ✷hµν = 0 and h¨µν = 0), Eq. (4.1) admit a solution
with constant amplitude. Denoting with h each polarization, the constant zero mode will
be h = K where K is a constant.
In order to discuss the localization properties of the zero mode, the canonically normal-
ized kinetic term (coming from the action perturbed to second order) should be derived.
Going to the action of the tensor fluctuation the canonical variable
q =M
√
Lh, (4.2)
can be read-off. In terms of q the kinetic term of the tensor fluctuations is canonically
normalized and the corresponding normalization integral is then
K2
∫ ∞
0
M2(x)L(x)dx. (4.3)
The requirement that the integral (4.3) is finite corresponds to the requirement that the
four-dimensional Planck mass is finite. In fact, Eq. (1.2) can be also written as
7Since the bulk space-time has two transverse coordinates (i.e. x =
√
λρ) and θ, the derivative
with respect to θ will be denoted by an overdot, whereas the derivative with respect to x will be
denoted, as usual, by a prime.
16
M2P =
4π
m2H
M46
∫ ∞
0
dxM2(x)L(x). (4.4)
Therefore, if the four-dimensional Planck mass is finite also the tensor zero mode is normal-
izable. Furthermore, using the asymptotics of the background solutions reported in Eqs.
(3.16) and (3.12) the following behaviour of the canonically normalized zero mode can be
obtained:
q(x) ∼ e− 32 cx, x→∞
q(x) ∼ √x, x→ 0. (4.5)
As a consequence, the normalization integral (4.3) as well as (4.4) will always give finite
results. These findings are in full agreement with the ones reported in [17] with the difference
that, in the present case, we are dealing with an explicit model of vortex based on the
Abelian-Higgs model. The reason why tensor fluctuations can be analyzed even without an
explicit model, is that they decouple mfrom the sources. The same statement cannot be
made for the vector modes of the geometry whose coupling to the sources is essential, as it
will be now discussed.
B. Vector fluctuations
In terms of the gauge-invariant quantities defined in Section II the evolution equations
for the vector modes of the system can be derived from Eqs. (2.28)–(2.30) and from Eq.
(2.31). While the detailed derivation is reported in Appendix A, the final result of the
straightforward but lengthy algebra is the following
V ′µ + (3H + F )Vµ +
Z˙µ
L = 0, (4.6)
V¨µ
L2 −
2
m2H M
2
✷Vµ −
Z˙ ′µ
L + (H − F )
Z˙µ
L = 2
L
M
ν
α
P ′
L2
A˙µ
L , (4.7)
Z ′′µ + (4H + F )Z
′
µ + (F
′ −H ′ + 5HF − 5H2)Zµ − 2
m2H M
2
✷Zµ
− 1L
[
V˙ ′µ + (5H − F )V˙µ
]
+ 2
L
M
( ν
α
P ′
L2A
′
µ +
νPf 2
L2 Aµ
)
= 0, (4.8)
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A′′µ +
A¨µ
L2 −
2
m2H M
2
✷Aµ + (2H + F )A′µ
−P ′M
L
[
Z ′µ − (H − F )Zµ −
V˙µ
L
]
− αAµf 2 = 0. (4.9)
This system defines the evolution of the three gauge-invariant vector fluctuations appearing
in the gravitating Abelian Higgs model, namely Vµ, Zµ and Aµ. These three vectors are
divergence-less and have been defined in Eqs. (2.20)–(2.21) and in eq. (2.26). While Eq.
(4.6) is a constraint, the other equations are all dynamical.
In order to simplify the above system it is useful to introduce the following combination
of the derivatives of the two graviphoton fields namely: Define now the following variable
uµ = ε
V˙µ
L − (εZµ)
′, (4.10)
where ε is a background function satisfying
ε =
L
M
,
ε′
ε
= F −H. (4.11)
Using Eq. (4.10), Eqs. (4.6)–(4.9) can then be written in a more compact form, namely:
V ′µ + (4H +
ε′
ε
)Vµ +
Z˙µ
L = 0, (4.12)
u˙µ
L −
2
m2H
ε
M2
✷Vµ = 2ε
2 ν
α
P ′
A˙µ
L , (4.13)
u′µ + (5H −
ε′
ε
)uµ + 2
ε
m2HM
2
✷Zµ = 2ε
2
[ν
α
P ′
L2A
′
µ +
νPf 2
L2 Aµ
]
, (4.14)
A′′µ +
A¨µ
L2 −
2
m2H M
2
✷Aµ + (2H + F )A′µ +
P ′
ε2
uµ − αf 2Aµ = 0. (4.15)
In order to determine the zero modes of the system consider first the case where the mass
of Vµ vanishes, i.e. ✷Vµ = 0. In this case from Eq. (4.13) the following relation holds:
uµ = 2ε
2 ν
α
P ′
L2Aµ. (4.16)
Inserting Eq. (4.16) into Eq. (4.15) the equation for the gauge field fluctuation can be
simplified with the result that
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A′′µ +
A¨µ
L2 −
2
m2H M
2
✷Aµ + (2H + F )A′µ +
[
2
ν
α
P ′2
L2 − αf
2
]
Aµ = 0. (4.17)
Already from this expression we can see that the zero mode of Aµ will not be constant but it
will be a function of the bulk radius. This property is in contrast with the results obtained
in the case of the tensor zero mode. In order to solve explicitely for the zero mode Eq. (4.17)
can be further simplified by using the equations of motion of the background. In particular,
from Eq. (3.2) we have that
αf 2 =
P ′′
P
+ (4H − F )P
′
P
, (4.18)
whereas, using Eq. (3.23) we also have that
2
ν
α
P ′2
L2 = (H − F )
P ′
P
. (4.19)
Inserting Eqs. (4.18) and (4.19) into the last term of Eq. (4.17) the following equation can
be obtained, namely
A′′µ +
A¨µ
L2 −
2
m2H M
2
✷Aµ + (2H + F )A′µ −
[P ′′
P
+ (2H + F )
P ′
P
]
Aµ = 0. (4.20)
Finally, defining the appropriately rescaled variable,
bµ = M
√
LAµ (4.21)
the first derivative with respect to the bulk radius can be eliminated from Eq. (4.20) with
the result that
b′′µ +
b¨µ
L2 −
2
m2HM
2
✷bµ − (M
√
LP )′′
M
√
LP
bµ = 0, (4.22)
From Eq. (4.22) the corresponding zero mode can be easily obtained. Expanding the
excitation in Fourier series with respect to θ and in Fourier integral with respect to the
four-momentum
bµ(x
µ, θ, w) =
+∞∑
ℓ=−∞
∫
eipxd4p bµ(ℓ, p, w). (4.23)
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Hence, in Eq. (4.22) the D’Alembertian is replaced by −m2 and the term containing the dou-
ble derivative with respect to θ is replaced by −ℓ2. The lowest mass and angular momentum
eigenstates will then obey the following equation for the zero mode
b′′µ −
(M
√
LP )′′
M
√
LP
bµ = 0. (4.24)
whose solution, in terms of Aµ can be written as
Aµ(x) = k1,µP (x), (4.25)
where k1,µ is an integration constant which should be determined by normalizing the canon-
ical zero mode associated with gauge field fluctuations. As anticipated this zero mode is a
specific function of the bulk radius and not a constant. More specifically, according to Eqs.
(3.16)–(3.18) and (3.20),
Aµ(x) ≃ 1− α
2ν
x2, x→ 0,
Aµ(x) ≃ e−
√
αx, x→∞. (4.26)
Hence, the zero mode of Eq. (4.25) satisfies the correct boundary conditions since
A′µ(0) = A′µ(∞) = 0, (4.27)
so that the differential operator of Eq. (4.20) is self-adjoint.
Inserting Eq. (4.16) into Eq. (4.14)( or (4.8), the obtained equation implies that
✷Zµ = 0, (4.28)
so that also the second graviphoton field should have zero mass. In order to determine
the explicit expressions of the zero modes related to Vµ and Zµ we should consider radial
excitations. Thus, inserting Eq. (4.25) into Eq. (4.16) and recalling Eq. (4.10) the zero
mode for Zµ can be obtained
Zµ(x) = k1,µ
L(x)
M(x)
+ c2,µ
M(x)
L(x)
, (4.29)
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where c2,µ is a further integration constant. From Eq. (4.12) the zero mode of Vµ turns out
to be
Vµ(x) =
c1,µ
M3(x)L(x)
, (4.30)
where c1,µ is the integration constant.
By now perturbing the action to second order the correct canonical normalization of the
fields can be deduced. The canonical fields related to Aµ, Vµ and Zµ are
Aµ =
√
LAµ,
V µ =M
√
LVµ,
Zµ = M
√
LZµ. (4.31)
In order to get to Eqs. (4.31), it is better to perturb to second order the Einstein-Hilbert
action directly in the form [29]
GAB
(
ΓDACΓ
C
BD − ΓCABΓDCD
)
(4.32)
where the total derivatives are absent. Using the results of Section III, and, in particular,
Eqs. (3.16) and (3.20) the canonically normalized gauge zero mode behaves, asymptotically,
as
Aµ(x) ∼ e−( c2+
√
α)x, x→∞,
Aµ(x) ∼
√
x, x→ 0 (4.33)
The canonically normalized graviphoton fields will behave, asymptotically, as
V µ(x) ∼ e 32x, x→∞,
V µ(x) ∼ 1√
x
, x→ 0, (4.34)
and
Zµ(x) ∼ e− 32x, x→∞,
Zµ(x) ∼ 1√
x
, x→ 0. (4.35)
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Consider now the normalization integrals. For the gauge field zero mode the normaliza-
tion integral is
∫ ∞
0
dx|Aµ(x)|2 = |k1,µ|2
∫ ∞
0
L(x)P 2(x)dx. (4.36)
From Eqs. (4.33) and from the explicit solutions where the asymptotics are realized, the
integral of (4.36) always give a finite result. More specifically the integrand goes always as
x for x → 0 and it is exponentially suppressed for x → ∞. It should be appreciated that
this result has been derived only using the equations of motion of the background and of the
fluctuations. In other words the asymptotic beahaviour of the vortex solution is not specific
of a given set of parameters but it is generic for the class of solutions discussed in Section
III.
For the gauge-invariant vector fluctuations of the metric the normalization integrals are:
∫ ∞
0
dx|V µ(x)|2 = |c1,µ|2
∫ ∞
0
dx
M4(x)L(x)
, (4.37)
∫ ∞
0
dx|Zµ(x)|2 =
∫ ∞
0
[
|k1,µ|2L3(x) + |c2,µ|2M
4(x)
L(x)
+ 2k1,µc1,µM
2(x)L(x)
]
dx. (4.38)
Consider first Eq. (4.37). Since for x → ∞ the warp factors are exponentially decreasing
the integrand of Eq. (4.37) diverges. This can be appreciated also from Eq. (4.34) whose
square is the integrand appearing in (4.37). Hence, the zero mode of Vµ is never localized.
Finally the second term of the integrand of Eq. (4.38) diverges as 1/x for x → 0 leading
to an integral which is logarithmically divergent in the same limit. Again, this can be also
appreciated from Eqs. (4.35). As a consequence, none of the graviphoton fields are localized
since their related normalization integrals are always divergent either close to the core of
the defect, or at infinity.
V. CONCLUSIONS
In this paper the vector and tensor fluctuations of the six-dimensional Abelian-Higgs
model have been considered. Thanks to the presence of a negative cosmological constant in
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the bulk the vortex solutions appearing in this framework lead to gravity localization and
to a finite four-dimensional Planck mass. Since the four-dimensional Planck mass is finite,
also the graviton zero mode is always localized.
A different situation occurs for the vector fluctuations of the geometry whose normaliza-
tion integrals lead to the following two conditions, namely,
|c1,µ|2
∫ ∞
0
dx
M4(x)L(x)
, (5.1)
∫ ∞
0
[
|k1,µ|2L3(x) + |c2,µ|2M
4(x)
L(x)
+ 2k1,µc1,µM
2(x)L(x)
]
dx. (5.2)
Since the convergence of the four-dimensional Planck mass implies that
∫ ∞
0
M2(x)L(x)dx, (5.3)
is always finite, then the integral of (5.1) will diverge at infinity. Since the regularity of the
geometry close to the core of the vortex implies that
L(x) =
√
λvL(x) ∼ x, M(x) ∼ 1, (5.4)
for x→ 0, then the integral of (5.2) will be divergent for x→ 0.
An intriguing result, which should be further scrutinized, holds for the gauge zero mode
whose normalization integral implies that
|k1,µ|2
∫ ∞
0
L(x)P 2(x)dx, (5.5)
should be finite. The local nature of the string-like defect demands, for the solutions lo-
calizing gravity presented in this paper, that P (x) → 1 for x → 0 and P (x) ∼ e−√αx for
x → ∞. This observation together with the regularity of the geometry in the core of the
vortex, implies that the same solutions leading to gravity localization, also lead to the lo-
calization of the gauge zero mode. Notice that if the cosmological constant does not vanish,
α = e2/λ > 1. In fact, in the limit of zero cosmological constant (i.e. µ → 0 in our
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notations), α goes to 2 [18] and the Bogomolnyi limit is recovered 8.
It should be appreciated that the obtained results have been derived in general terms.
First of all they are independent on the specific coordinate system since a fully gauge-
invariant derivation as been employed. Second, the obtained results hold for all the class of
backgrounds localizing gravity in the six-dimensional Abelian Higgs model. In fact, even if
specific background solutions have been presented and used in order to illustrate the results,
the zero modes have been computed without assuming any specific solution.
In order to interpret the localized gauge zero mode as an electromagnetic degree of
freedom, the inclusion of fermions in the model is mandatory. This is the reason why we
cannot claim that our findings support a mechanism for the localization of electromagnetic
interactions on a string-like defect in higher dimensions. In order to address precisely this
point it would be interesting to use recent results concerning fermionic degrees of freedom
on six-dimensional vortices [11,12,30].
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2
H , α = 2 is the case
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APPENDIX A: GAUGE-INVARIANT FLUCTUATIONS OF THE GRAVITATING
VORTEX
In the following the explicit expressions of the various fluctuations needed for the deriva-
tions presented in the bulk of the paper will be reported. The background values of the
Christoffel connections are
Γ
β
αρ =
√
λ v Hδβα,
Γ
ρ
αβ =
√
λ v M2 Hηαβ ,
Γ
θ
ρθ =
√
λ v F,
Γ
ρ
θθ = −
√
λ v L2F. (A.1)
Notice that ρ and θ denote the two transverse coordinates whereas the other Greek letters
label the four space-time coordinates. Notice, furthermore, that as indicated in the bulk of
the paper, the prime denotes the derivation with respect to x =
√
λvρ, and the overdot the
derivative with respect to θ. As it is apparent from expressions of the evolution equations
of the fluctuations, the use of the x and θ (instead of ρ and θ) makes the whole discussion
simpler.
Using Eq. (2.17) the first order fluctuations of the Christoffel connections are easily
obtained 9 :
δ(1)Γρµν =
√
λ v M2[H ′µν + 2HHµν ]−M∂(µDν),
δ(1)Γρρµ =
√
λ v M HDµ,
δ(1)Γρµθ =
√
λ v
2
ML[Q′µ + (H + F )Qµ]−
M
2
D˙µ,
9 While in the main text the first order fluctuation of a given tensor with respect to (2.17) has
been indicated (for sake of simplicity) by δ, in this Appendix the notation δ(1) will be followed.
Notice moreover, that the factors
√
λv appear because the derivatives (denoted with the prime)
are taken with respect to the rescaled bulk radius x.
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δ(1)Γθµν =
M2
L2
H˙µν − M
L
∂(µQν),
δ(1)Γθµρ =
M
2L2
D˙µ −
√
λv
M
2L
[Q′µ +Qµ(F −H)]
δ(1)Γµαβ = −
√
λ v HMDµηαβ + (∂αH
µ
β + ∂βH
µ
α − ∂µHαβ),
δ(1)Γµαρ =
1
2M
(∂αD
µ − ∂µDα) +
√
λ v Hµα
′,
δ(1)Γµθθ =
L
M
Q˙µ +
√
λ v
L2
M
FDµ,
δ(1)Γµαθ =
L
2M
(∂αQ
µ − ∂µQα) + H˙ µα ,
δ(1)Γµρρ =
√
λ v
M
[Dµ′ +HDµ],
δ(1)Γµθρ =
√
λ v
L
2M
[Qµ′ + (H − F )Qµ] + D˙
µ
2M
, (A.2)
where, for short,
Hµν = hµν + ∂(µfν). (A.3)
With the use of Eqs. (A.1) and (A.2), Eq. (2.32) allows the explicit determination of the
first order Ricci fluctuations:
δ(1)Rµν = λ v
2M2[H ′′µν + (4H + F )H
′
µν +Hµν(2H
′ + 8H2 + 2HF )] +
M2
L2
H¨µν
− ∂α∂αHµν + (∂α∂µHαν + ∂α∂νHαµ + ∂ν∂αHαµ − ∂ν∂αHαµ ),
−
√
λ v M [∂(µD
′
ν) + (3H + F )∂(µDν)]−
M
L
∂(µQ˙ν), (A.4)
δ(1)Rµρ =
M
2L2
D¨µ − M
2L
√
λ v [Q˙′µ + (F −H)Q˙µ]−
1
2M
∂α∂
αDµ
+ λ v2M [H ′ + 4H2 +HF ]Dµ +
√
λ vH ′µα, (A.5)
δ(1)Rµθ = ∂
αH˙αµ − L
2M
∂α∂
αQµ −
√
λ v
2
M [D˙′µ + (5H − F )D˙µ]
+ λ v2
ML
2
[Q′′µ + (4H + F )Q
′
µ + (H
′ + F ′ + 3H2 + 7HF )Qµ]. (A.6)
The first order fluctuations of τAB defined in Eq. (2.7) and appearing at the right hand side
of Eqs. (2.28)–(2.30) can be also computed and they are
κδ(1)τµν = λ v
2M2
[
−µ+ ν
2α
P ′2
L2 −
ν
4
(f 2 − 1)2
]
Hµν , (A.7)
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κδ(1)τµρ = λ v
2M
[
−µ
2
+
ν
4α
P ′2
L2 −
ν
8
(f 2 − 1)2
]
Dµ +
√
λ v
ν
α
P ′
L2 A˙µ, (A.8)
κδ(1)τµθ = λv
2ML
[
−µ
2
+
ν
4α
P ′2
L2 −
ν
8
(f 2 − 1)2
]
Qµ − ν
α
P ′A′µ − νPf 2Aµ. (A.9)
In order to obtain the evolution equations written explicitly in terms of the gauge-invariant
fluctuations we recall that while hµν and Aµ are already gauge-invariant, fµ, Dµ and Qµ
change for infinitesimal coordinate transformation according to Eqs. (2.19)–(2.21).
The evolution equations of the fluctuations will now be written in fully gauge-invariant
terms. The strategy will be the, in short, the following. By using Eqs. (2.22) and (2.23), the
first order fluctuations of the Ricci tensors can be expressed in terms of a gauge-invariant
part plus a gauge-dependent piece. The same procedure can be carried on in the case of the
fluctuations of the energy-momentum tensor. When the Einstein’s equations are explicitly
written to first order in the amplitude of the metric fluctuations as,
δ(1)RAB = κδ
(1)τAB (A.10)
the gauge-dependent parts vanish, identically, by using the equations of motion of the back-
ground reported in Eqs. (3.2)–(3.6).
From Eqs. (2.20)–(2.21) we can write
Dµ = Vµ +
√
λ v Mf ′µ
Qµ = Zµ +
M
L
f˙µ. (A.11)
Using Eqs. (A.11) into Eqs. (A.4)–(A.6) and (A.7)–(A.9) the following first order fluctua-
tions can be obtained
δ(1)Rµν = λv
2M2[h′′µν + (4H + F )h
′
µν + (2H
′ + 8H2 + 2HF )hµν ] +
M2
L2
h¨µν − ∂α∂αhµν
−
√
λ v M [∂(µV
′
ν) + (3H + F )∂(µVν)]−
M
L
∂(µZ˙ν)
+ λv2M2(2H ′ + 8H2 + 2HF )∂(µfν), (A.12)
δ(1)Rµρ =
M
2L2
V¨µ − M
2L
√
λ v[Z˙ ′µ + Z˙µ(F −H)]
− 1
2M
∂α∂
αVµ + λv
2MVµ[H
′ + 4H2 +HF ]
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+ (
√
λv)3 M2[H ′ + 4H2 +HF ]f ′µ, (A.13)
δ(1)Rµθ = − L
2M
∂α∂
αZµ + λv
2ML
2
[Z ′′µ + (4H + F )Z
′
µ + Zµ(H
′ + F ′ + 3H2 + 7HF )]
−
√
λv
2
M [V˙ ′µ + (5H − F )V˙µ] + λv2M2(H ′ + 4H2 +HF )f˙µ, (A.14)
and
κδ(1)τµν = λv
2M2(2H ′ + 8H2 + 2HF )hµν + λv
2M2∂(µfν)(2H
′ + 8H2 + 2HF ), (A.15)
κδ(1)τµρ = λv
2M(H ′ + 4H2 +HF )Vµ +
ν
α
√
λ v
P ′
L2 A˙µ
+ (
√
λv)3M2(H ′ + 4H2 +HF )f ′µ, (A.16)
κδ(1)τµθ = λv
2ML(H ′ + 4H2 +HF )Zµ − ν
α
P ′A′µ − νPf 2Aµ
+ λv2M2[H ′ + 4H2 +HF ]f˙µ. (A.17)
Notice that in order to write Eqs. (A.12)–(A.14) and (A.15)–(A.17) the following expression
(following from the sum of Eqs. (3.5) and (3.6) ) has been used:
2H ′ + 8H2 + 2HF = −µ − ν
4
(f 2 − 1)2 + ν
2α
P ′2
L2 . (A.18)
In each of Eqs. (A.12)–(A.14) and (A.15)–(A.17) the last term is not gauge-invariant.
However, imposing Eq. (A.10) all the gauge-dependent pieces cancel and, at the end, the
following system of equations is obtained:
V ′µ + (3H + F )Vµ +
Z˙µ
L = 0, (A.19)
V¨µ
L2 −
2
m2H M
2
✷Vµ −
Z˙ ′µ
L + (H − F )
Z˙µ
L = 2
L
M
ν
α
P ′
L2
A˙µ
L , (A.20)
Z ′′µ + (4H + F )Z
′
µ + (F
′ −H ′ + 5HF − 5H2)Zµ − 2
m2H M
2
✷Zµ
− 1L
[
V˙ ′µ + (5H − F )V˙µ
]
+ 2
L
M
(ν
α
P ′
L2A
′
µ +
νPf 2
L2 Aµ
)
= 0, (A.21)
for the vector fluctuations and
h′′µν +
h¨µν
L2 + (4H + F )h
′
µν −
2
m2HM
2
✷hµν = 0, (A.22)
for the tensor fluctuations.
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This system of equations has to be supplemented with the fluctuation of the gauge field
equation reported in Eq. (2.31). The pure vector component of the perturbed evolution
equation for the gauge field reads:
A′′µ +
A¨µ
L2 −
2
m2H M
2
✷Aµ + (2H + F )A′µ
−P ′M
L
[
Q′µ − (H − F )Qµ −
D˙µ
L
]
− αAµf 2 = 0. (A.23)
In this equation the terms containing Aµ are gauge-invariant. The terms containing Qµ and
Dµ are not automatically gauge-invariant. However, using Eqs. (A.11) the following result
holds :
Q′µ − (H − F )Qµ −
D˙µ
L = Z
′
µ − (H − F )Zµ −
V˙µ
L , (A.24)
and the dependence upon fµ disappears, as it should. Therefore the final equation for the
perturbed gauge field fluctuation is simply
A′′µ +
A¨µ
L2 −
2
m2H M
2
✷Aµ + (2H + F )A′µ
−P ′M
L
[
Z ′µ − (H − F )Zµ −
V˙µ
L
]
− αAµf 2 = 0. (A.25)
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